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Abstract. During the last years we have witnessed a wealth of research on approximate representations for time series. The vast majority of the proposed approaches represent each value with approximately equal fidelity, which may not
be always desirable. For example, mobile devices and real time sensors have
brought home the need for representations that can approximate the data with
fidelity proportional to its age. We call such time-decaying representations amnesic.
In this work, we introduce a novel representation of time series that can represent
arbitrary, user-specified time-decaying functions. We propose online algorithms
for our representation, and discuss their properties. The algorithms we describe
are designed to work on both the entire stream of data, or on a sliding window
of the data stream. Finally, we perform an extensive empirical evaluation on 
datasets, and show that our approach can efficiently maintain a high quality amnesic approximation.

1 Introduction
Time series are one of the most frequently encountered forms of data. Many applications in diverse domains, produce voluminous amounts of time series [24, 22]. The
sheer number and size of the time series we need to manipulate in many of the realworld applications dictates the need for a more compact representation of time series
than the raw data itself. A plethora of representations have been proposed for time series
approximation [14].
The problem of approximating time series becomes more interesting and challenging in the context of streaming time series, where data values are continuously generated. In this situation, we cannot apply approximation techniques that require knowledge of the entire series. Furthermore, all current time series representations treat every
point of the time series equally, which means that the time position of a point does not
make a difference in the fidelity of its approximation. This may be desirable for some
applications, such as archiving, however, there exist many real world situations where
we would like to take into account the time dimension in the approximation of the time
series. In these cases, while we are willing to accept some margin of error in the approximation, we would like the most recent data to have low error, and we would be more
forgiving of error in older data. We call this kind of time series approximation amnesic,
since the fidelity of approximation decreases with time, and it therefore requires less

memory for the events further in the past. The potential utility of such a representation
has been documented in many domains, such as the Environmental Observation and
Forecasting System [22], the robots developed by NASA for an urban setting [10], classification algorithms for identifying denial of service attacks [12], inductive learning
[17], and others.
Although this work suggests that the usefulness of data can diminish with age, we
note that the rate at which its utility decays depends on the application. The function
that determines the amount of error we can tolerate at each point in the time series is
called an amnesic function. Ideally, we would like to allow arbitrary amnesic functions,
so that we can match the requirements of a wide variety of applications. For example, a
meteorologist may decide that data that is twice as old can tolerate twice as much error,
and thus, specify a linear amnesic function. In contrast, an econometrist using classic
models might well specify an exponential amnesic function. In Figure 1 we show how
the approximation of a time series changes as a function of time. In this example, we
use an unrestricted window to approximate the Space Shuttle STS-57 dataset, using
piecewise linear approximation with ten linear segments. The time progresses form
right to left (i.e., the most recent point is the left-most point). We observe that the
approximation of the most recent points always remains accurate, while it gracefully
degrades at each time step for the older points.
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Fig. 1. Example of online amnesic approximation.

In this paper, we describe a framework for online amnesic approximation of streaming time series. While some recent work [5, 2] has proposed tools and techniques for
computing special cases of amnesic approximations of time series, as we discuss in
Section 6, these solutions are specific and rather restrictive in the variety of applications
they can accommodate. In particular, the types of amnesic functions they can use are
dictated by the representation of the time series. In contrast, our framework is general
and able to operate with a wide class of amnesic functions, which are defined by the
user.
Our contributions can be summarized as follows. We introduce the notion of general
amnesic functions. We present a taxonomy of these functions, discuss their properties,

and describe how they affect the solution of the problem of online amnesic approximation. We formulate the above problem as an optimization problem, where we wish
to minimize the reconstruction error given the available amount of memory for the approximation. We propose efficient algorithms for solving the above optimization problems. The time complexity of the algorithms we propose is independent of the size of
the time series. These are the first algorithms proposed for solving the general case of
the problem. We present an extensive experimental evaluation of our techniques, using
more than 40 synthetic and real datasets. The experiments show the applicability of our
approach, and the quality of solutions of our algorithms.
The rest of the paper is organized as follows. In Section 2 we give the necessary
background. In Section 3 we introduce some new terminology and formally define the
problems we study. The algorithms we propose are presented in Section 4, and Section 5
discusses the experimental evaluation. Section 6 reviews related work, and Section 7
concludes the paper.

2 Time Series Approximation
A time series,  , is a series of data points, each one arriving at a distinct time instance

.    defines a range of data points. When the total number of data points in the
time series,  , is known in advance, we call the time series static, and we say that is
has length  . When data points are arriving continuously, in a streaming fashion, the
value of  represents the number of data points seen in the time series so far, and we
call the time series streaming. In the streaming environment we may be interested in
approximating the entire time series seen so far, unrestricted window, or a fixed number
of the last values of the time series, sliding window.
Several techniques have been proposed in the literature for the approximation of
time series, including Discrete Fourier Transform (DFT) [21, 7], Discrete Cosine Transform (DCT), Piecewise Aggregate Approximation (PAA) [23], Discrete Wavelet Transform (DWT) [20, 4], Adaptive Piecewise Constant Approximation (APCA) [3, 18], Piecewise Linear Approximation (PLA) [15], Piecewise Quadratic Approximation (PQA),
and others.
When considering the alternative representations in the context of amnesic approximation, it is not obvious how some of them can accommodate the requirements of this
new environment. The DWT representation is intrinsically coupled with approximating
sequences whose length is a power of two. Using wavelets with sequences that have
other lengths requires ad-hoc measures that reduce the fidelity of the approximation,
and increase the complexity of the implementation. While DFT has been successfully
adapted to incremental computation [24], it is not clear that it can be adapted to perform amnesic approximation. The same is true for DCT as well. We decided to use
PLA, because is is already widely used and accepted [11, 16]. Moreover, it has been
documented that PLA performs at least as good as all the other approaches mentioned
above [14, 3], and also offers a superior quality of visualization of the time series.
2.1

Properties of PLA Approximation

In PLA, we approximate the data points in a time series using a number of linear segments whose ends need not be contiguous [15]. Assume we have  data points of a time

series,   ,  , and we use them to fit two line segments (using least squares).
Let the first line,  , approximate points  to  ,  , and the second line, ! , approximate points #"$ to  . In addition, suppose we use a single line segment to approximate
all the points  to  , call it  % . The above three lines are depicted in the top graph of
Figure 2. Related to these three lines are the errors &('  *) , &+'  ) , and &+'  % ) . The error of a segment  is computed according to the formula &(' )-,/.02143 '5 6879: 6 ) ,
where  ranges over all the points in segment  ,  6 is the value of point  in the time
series, and :  is the estimate for point  given by segment  .
Now imagine that we keep  and * , and throw away the original  points, and
that we want to use a single line segment to approximate all the original points. The
construction of this new line,  % , can be based only on the information in  and * ,
and we prove that  ;% is the same as  % . Since we no longer have the original points,
we assume that all  points lie on line segments  and  , and we build  ;% based on
this assumption. This situation is depicted in the bottom graph of Figure 2. The residual
error of this new line is &('  ;% ) . Unlike the previous cases, this is the error between
the points on line  ;% and the points on lines  and  . It turns out that we can also
calculate &('  ;% ) without the need to refer to the original  points.
s

1

s

2

s

1,2

=

y=−1.23x+553.2

1

2

3

4

5

6

s1

7

s2

s1,2 =
y=−1.23x+553.2

1

2

3

4

5

6

7

Fig. 2. Combining two regression lines.

Theorem 1. [Computing the New Line Segment.] The line segment  ;% , built from
the two line segments  and ! , is the same as the line segment  % , built from the
original points of the time series. That is,  ;% ,  ;% .
Theorem 2. [Computing the New Error.] The error of the line segment approximating all the original data points can be computed as the sum of the errors of the two
individual line segments, and the error between those two line segments and the line
calculated based on those two. That is, &(' ;% )<, &(' ) "=&(' ! ) ">&+'  % ) .
Another interesting property of PLA is that for the computation of the error &('  ;% )
we do not need to process individually all the points corresponding to line segment  % .
We can instead avoid the linear complexity of this procedure and compute the value of
&('  ;% ) in constant time, according to the following lemma.

Lemma 1. [Computing the Error Between Two Segments.] The error, &('  % ) , of a
line segment,  ;% , which was constructed from two line segments,  and ! , can be
computed with a closed form formula1 in time ?@' ) , regardless of the length of the line
segments.

3 Problem Formulation
3.1

Amnesic Functions

The role of an amnesic function A'5B ) , is to specify the acceptable approximation error
C

C

7
, where
is the current time, and is the time that point  
for point B ,
C
arrived. The time
corresponds to position B ,/D of the amnesic function. Note that
C
)
A'EB is only defined for BGF D , since 
. A key property that an amnesic function
has to satisfy is the monotonicity property.
Definition 1. An amnesic function, AH'EB ) , is called monotonic iff IKJMLON#PQIRJMLRSQT2N , for
every value of B .
The monotonicity property poses a natural restriction. It ensures that if at time we can
tolerate some error &VU2'5  ) in the approximation of point   , then we will not request
an approximation of the same point  with error &VUEWX'5 ) Y&ZU2'E  ) , at any time
[]\
. We now define a taxonomy of amnesic functions (refer to Figure 3).
Piecewise Constant: The piecewise constant function is the simplest form that an
amnesic function can assume (with the exception of the constant function, which is a
trivial case, and we do not discuss it here). It has the following general form.
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function as a section, to distinguish it from the segments used in the approximation.
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Linear: A linear function has the general form: A'5B ),ts B@"Qu , s o u
.

Piecewise Linear: The general form of a piecewise linear function with v sections is
as follows.
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Continuous: The amnesic functions of this class can take any form not subsumed by
the previous classes. The only restriction is that the function is monotonic (according to
Definition 1). We do not require that these functions have a closed form formula.
We also define two forms of amnesic functions, namely, the relative, A'5B ) , and
the absolute, AKA'5B ) , amnesic functions.
1

The formula requires the introduction of additional notation, and we omit it due to lack of
space.
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Fig. 3. The different classes of amnesic functions.

Relative: Relative amnesic functions determine the relative approximation error we
can tolerate. When we use a relative amnesic function, we weight the error of some
data point by the inverse of the amnesic function corresponding to that point, so that


JMLON]^
JMLONbIRJMLON .
Absolute: Absolute amnesic functions specify the maximum allowable error for the

approximation. The error &('5B ) should satisfy the inequality JMLONPIIKJMLON .
3.2

Problems for Amnesic Approximation

Under the assumptions discussed above, we want to maintain a PLA model  with 
segments for a streaming time series with an unrestricted window. More formally, we
define the following two problems.
Problem 1. [Unrestricted Window with Relative Amnesic (URA)] Given  and A'5B ) ,
find an approximation  using  segments that at each time step minimizes the error
C
&('E  ),Y.0  '5&(' 0 ) cAH'
7 3 )) .
Problem 2. [Unrestricted Window with Absolute Amnesic (UAA)] Given AKA'5B ) ,
construct a model  with the minimum number of segments  , subject to the conC
straints &('  0 ) AKAH'
7 3  ) , VQ$ .
Note that in the URA and UAA problems the optimization objective is different.
In the URA problem we seek to minimize the approximation error , while in the UAA
problem we want to minimize the space. Following the definition of the problems
for the unrestricted window, we can define the corresponding problems for the sliding
window model.
In the next section, we simply outline the solutions we propose to the above problems. We omit a detailed explanation of our algorithms in the interest of space. A more
extended discussion can be found elsewhere [19].

4 Amnesic Approximation
4.1

Relative Amnesic Functions

In this section we present the skeleton of our algorithm, GrAp-R, for solving the URA
problem.
At each time step, the algorithm merges the consecutive pair of segments whose
merge will result in the least approximation error, among all possible merges. The pair
of segments that should be merged, ! and * , is given by the heap structure .

We merge those in one segment, ! %  , according to Theorems 1 and 2. Then we
compute the approximation error that would result by merging the new segment with
each one of its two neighbors, !R¡ and !¢ , according to Lemma 1. We use these
values for the errors to update the heap , in order to reflect the new set of possible
merges. This merge results in a spare segment, which we assign to the newly arrived
point of the time series. Once again we have to compute the approximation error when
merging this segment with its neighbor, and update the heap . A high-level description
of the algorithm is depicted in Figure 4.
1 let be a min-priority queue, and & ,t£ be a time-event queue;
3 procedure GrAp-R()
C
4
when a new point,   , of the time series arrives at time
5
pick the min element from , and merge the corresponding
segments,   and   , into a new segment   %  ;
6
update with the errors of merging   %  with its two
neighboring segments;
¨§
7
assign a new segment, !¤¦¥ , to the newly arrived point, H  ;
¨§
8
update with the error of merging !¤¢¥ with its neighboring segment;
C
9
ManageEvents( & , , ! , * , ! %  );
Fig. 4. The skeleton of the GrAp-R algorithm

The GrAp-R algorithm also makes use of a time-event queue & to keep track of
the way that the dependencies among the segments used for the approximation change.
When the amnesic function belongs to the class of piecewise constant functions, a
change to the relative ordering of the pair of segments that should be merged during
the next step of the algorithm only happens when a segment crosses a discontinuity
between two sections of the amnesic function. The queue & flags the times at which
the segments cross a discontinuity in the amnesic function. When this happens, we
update the position of the segment in the heap, and we compute the next time that it
will cross a discontinuity.
In the case of linear amnesic functions, if we know the approximation error of each
segment and the closed formula of the amnesic function, we can compute the times at
which these changes will occur. Therefore, we insert those times in & , and update the
heap accordingly.
Assume we have a piecewise linear amnesic function, which is comprised of v sections. Then, we treat each section separately, as in the case of linear amnesic functions.
When the amnesic function is continuous, we identify two cases. First, when the
amnesic function has a closed form formula, we compute the crosspoints of the segments, and we proceed as with the linear amnesic functions. Second, when the amnesic
function does not have a closed form formula, we replace the continuous function with
a piecewise linear approximation using v sections. Then, we proceed as with the piecewise linear amnesic functions.
4.2

Absolute Amnesic Functions

When we use absolute amnesic functions, there is no restriction in the number of segments that we may use for the approximation, and there is no need to maintain a heap

structure on the adjacent pairs of segments. We call the new algorithm GrAp-A, and it
works as follows. During each time step, the algorithm assigns the new data point of the
time series to a new segment,  , by itself. Then, it tries to merge  with its adjacent
segment. If the segment that results from the merge has error less than what is specified
by the absolute amnesic function, then the merge is realized. In either case, the next
step involves the update of the time-event queue & . In & we have to schedule an
event specifying when the segment that was formed with the arrival of the new data
point will be able to merge with its adjacent segment. Then, we process any merges that
are scheduled to happen at the current time, and update the queue.

5 Experimental Evaluation
We implemented our algorithms, and the traditional BottomUp algorithm for PLA [13],
to compare against our techniques. In order to evaluate our algorithms, we used an extensive set of real-world datasets. These are © D datasets coming from diverse fields, including finance, medicine, biometrics, chemistry, astronomy, robotics, networking and
industry, and covering the complete spectrum of stationary/non-stationary, noisy/smooth,
cyclical/non-cyclical, symmetric/asymmetric, etc.. The results reported are averages
over all © D datasets.
In the following experiments, we quantify the relative performance of the two algorithms. We report the cumulative relative error, ª& , which measures the relative
increase in the cumulative error when using GrAp-R.
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The second measure of interest is the speedup, which measures hom many times faster
GrAp-R is when compared to BottomUp.
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In the experiments of Figure 5, the number of segments we use is pÆ , Ç:Æ , and È:Æ of  .
We observe that ª& remains relatively stable as we increase  , with our algorithm
performing within Ç:Æ7!Ç:Æ of the offline algorithm. At the same time, our algorithm
runs one or two orders of magnitude faster than the offline algorithm. The speedup
increases significantly for decreasing  . This is because the amount of work that GrApR does remains almost constant (depends on ÉÊ4Ë ), while BottomUp requires lots of
extra effort for smaller values of  . As expected, the speedup gets larger when we
increase  .
In the next set of experiments, we evaluate the performance of GrAp-A. During
these experiments, we use an absolute amnesic function, and we are interested in minimizing the number of segments,  , used in the amnesic approximation. We compare
our algorithm to BottomUp, and we measure the speedup and the cumulative relative
increase in the required number of segments, CRIS.
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Fig. 5. Error (left) and speedup (right) for GrAp-R and BottomUp.
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These experiments (refer to Figure 6) show that GrAp-A is able to find a representation
with a minimal number of additional segments when compared to the offline algorithm,
that is Ær7Ç:Æ more segments for streams of length  DD4D 7 DDD4D . There is only a
slight increase in CRIS as we move to longer streams. As in the case of relative amnesic
functions, the speedup is considerable, with our algorithm running more than two orders
of magnitude faster than BottomUp.
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Fig. 6. Error (left) and speedup (right) for GrAp-A and BottomUp.

6 Related Work
There exists an extensive literature in the area of time series approximation [14, 7, 21,
20, 4, 23, 3, 3, 1]. Many of the above approximation techniques have been adapted to
work in an online fashion. For example, piecewise constant approximation can be created online with little loss of accuracy [18], as well as DFT [24]. Most of the time series
representations have been, or could trivially be, calculated in an incremental fashion
[13]. There is also work on data stream summarization, using wavelets [8] and histograms [9]. Cohen and Strauss [6] present a framework for maintaining time-decaying
stream aggregates, such as sum and average. Chen et al. [5] describe a framework for
multi-dimensional regression analysis of time series with a tilt time frame. Yet, they
do not explicitly tailor their representations to match different amnesic functions. Bulut
and Singh proposed using wavelets to represent ”data streams which are biased towards
the more recent values” [2]. Although the bias to more recent values can be seen as a
special case of an amnesic function, the particular function is completely dictated by
the hierarchical nature of the wavelet transform. Our work removes all the restrictions
inherent in the above approaches.

7 Conclusions
We have introduced the first method to allow the online approximation of streaming
time series, which allows arbitrary, user-defined reduction of quality with time. This

kind of approximation is of increasing importance in many diverse application domains,
such as mobile and real-time devices. We proposed efficient algorithms, and we empirically evaluated them with extensive experiments on © D different datasets. The results
show that our algorithms offer significant performance improvements over the direct
computational approach, while maintaining a very good quality of approximation.
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